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SUMMAR

This report documents the derivation and definition of a linear aircraft model for a rigid aircraft of constant
mass (i@ overaflaty nonrotatingearth; The derivation makes no assumptions of reference trajectory or
velicle symmetry. The linear system equations are derived and evaluated along a general trajectory and
include both aircraft dynamics and observation variables.

INTRODUCTION

The need for linear models of aircraft for the analysis of vehicle dynamics and control law design is well
known. These models are widely used, not only for computer applications but also for quick approximations
and desk calculations. Whereas the use of these models is well understood and well documented, their
derivation is not. The lack of documentation and, occ. d
models is a hindrance to communication, training, and applicatio

This report details the development of the linear model of a rigid aircraft of constant mass, flying over a
flat, nonrotating earth. This model consists of a state equation and an observation (or measurement) equa-
tion. The system equations have been broadly formulated to accommodate a wide variety of applications.
The linear state equation is derived from the nonlinear six-degree-of-freedom equations of motion. The
linear observation equation is derived from a collection of nonlinear equations representing state variables,

i ives of state variables, control inputs, and flightpath, air data, and other paramete The lin
model is developed about a nominal trajectory that is general.

Whereas it is common to assume symmetric aerodynamics and mass distribution, or a straight and |
trajectory, or both (Clancy, 1975; Dommasch and others, 196 n, 1972; McRuer and others, 3;
Northrop Aircraft, 1952; Thelander, 1965), these assumptions limit the generality of the linear model. The
principal contribution of this report is a solution of the general problem of de
aircraft without making these simplifying assumptions. By defining the initial conditions (of the nominal
trajectory) for straight and level flight setting the asymmetric aerodynamic and inertia terms Lo zero,
one can easily obtain the more traditional linear models from the linear model derived in this report.

Another significant contribution of this report is the derivation and definition of a linear observation
(mcasurement) model. The observation model is often entirely neglected in standard texts. A thorough
treatment of common aircraft measurements is presented by Gainer and Hoffman (1972), and Gracey (1980)
provides a detailed discussion of speed and altitude measnrements. However, neither of these references
present linear models of these measurements. This report relies heavily on these two references and uses their
results as one of the bases for the nonlinear measurement equations from which the linear measurement
model is derived. Also included in this report is a large number of other measurements or variables for
observation that have been found to be useful in vehicle analysis and control law design.

Duke and others (1987) describe a FORTRAN program called LINEAR that derives a linear aircraft
model by numerical differencing (Dieudonne, 1978). The program LINEAR produces a linear aft model
(both state and observation matrices) that is equivalent to the linear models defined in this report.

that define the reference systems and nonlinear state and
inear model presented in the appendixes (section 2). The
odynamic model used in this report (app. A), a derivation
neters (app. B), generalized linear derivatives of the non-
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velicle symmetry. The linear system equations are derived and evaluated along a general trajectory and
include both aircraft dynamics and observation variables.
INTRODUCTION
The need for linear models of aircraft for the analysis of vehicle dynamics and control law design is well
known. These models are widely used, not only for computer applications but also for quick approximations
and desk calculations. Whereas the use of these models is well understood and well documented, their
derivation is not. The lack of documentation and, occasionally, understanding of the derivation of linear
models is a hindrance to communication, training, and application.

This report details the development of the linear model of a rigid aircraft of constant mass, flying over a

flat, nonrotating earth. This model consists of a state equation and an observation (or measurement) equa-
tion. The system equations have been broadly formulated to accommodate a wide variety of applications.
The linear state equation is derived from the nonlinear six-degree-of-freedom equations of motion. The
linear observation equation is derived from a collection of nonlinear equations representing state les
time derivatives of state variables, control inputs, and flightpath, air data, and other parameters. The lincar
model is developed about a nominal trajectory that is general.

SUMMARY

This report documents the derivation and definition of a linear aircraft model for a rigid aircraft of constant
mass flying over a flat, nonrotating carth. The derivation makes no assumptions of reference trajectory or

Whereas it is common to assume symmetric aerodynamics and listribution, or a st
trajectory, or both (Clancy, 1975; Dommasch and others, 1967 n, 1972; McRuer and others,
Northrop Aircraft, 1952; Thelander, 1965), these assumptions limit the generality of the linear model. The
principal contribution of this report is a solution of the general problem of deriving a linear model of a rigid
raft without making these simplifying assumptions. By defining the initial conditions (of the nominal
jectory) for straight and level flight and setting the asymmetric aerodynamic and inertia terms to zero,
one can easily obtain the more traditional linear models from the linear model derived in this report.

Another significant contribution of this report is the derivation and definition of a linear observation
(mcasurement) model. The observation model is often entirely neglected in standard texts. A thorough
treatment of common aircraft measurements is presented by Gainer and Hoffman (1972), and Gracey (1980)
provides a detailed discussion of speed and altitude measnrements. However, neither of these references

5 present linear models of these measurements. This report relies heavily on these two references and uses their
results as one of the bases for the nonlinear measurement equations from which the linear measurement
model is derived. Also included in this report is a large number of other measurements or variables for
observation that have been found to be useful in vehicle analysis and control law design.

Duke and others (1987) describe a FORTRAN program called LINEAR that derives a linear aircraft
model by numerical differencing (Dieudonne, 1978). The program LINEAR produces a linear aircraft model
(both state and observation matrices) that is equivalent to the linear models defined in this report.

ons that define the reference systems and nonlinear state and
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General Equations of Motion for a Damaged Asymmetric Aircraft

There is a renewed interest in dynamic characteristics of damaged aircraft both in order to assess
survivability and to develop control laws to enhance survivability. This paper presents a set of flight
dynamics equations of motion for a rigid body not necessarily referenced to the body's center of
mass. Such equations can be used when the body loses a portion of its mass and it is desired to
track the motion of the body s previous center of mass/reference frame now that the mass center
has moved to a new position. Furthermore, results for equations presented in this paper and
equations in standard aircraft simulations are compared for a scenario involving a generic transport
aircraft configuration subject to wing damage.
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define angle of attack and sideslip angle, independent variables for the aerodynamic forces and moments. The
proposed equations of motion are then applied to the problem of modeling large instantaneous shifts in center of
mass of a rotating body that suddenly loses a portion of its mass. Benefits in simulation implementation are
discussed. As an example, open loop dynamic responses of a generic transport aircraft with wing damage are
compared for typical equations of motion used in the aircraft simulation and the equations presented here.

II. Rigid Body Equations of Motion Referenced to an Arbitrary Fixed Point on the Body

There are several approaches that can be used to develop the general equations of motion. The one selected here
starts with Newton’s laws applied to a collection of particles defining the rigid body (any number of dynamics or
physics books can serve as references, e.g. reference 2). In this paper, the rigid body equations of motion over a flat
non-rotating earth are developed that are not necessarily referenced to the body’s center of mass. Such equations
will be used in the next section when the body loses a portion of its mass and it is desired to track the motion of the
body’s previous center of mass/reference frame now that the mass center has moved to a new position
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maneuver is to be modeled. Maneuver options include constant
Mach and airspeed climbs, level accelerations, and constant
g pushovers or pull-ups. The user is asked for initial and ending
conditions. After execution, the DPS displays the output of the air-
craft states and performance as a function of time.

The DPS equations of motion use four assumptions that simplify
the program while maintaining its fidelity for most maneuvers and
applications: point-mass modeling, nonturbulent atmosphere, zero
side forces, and a nonrotating Earth. The primary advantages of us-
ing the DPS over a piloted real-time simulator are that it is much
easier to modify the aerodynamic and propulsion data tables, and
the DPS easily allows back-to-back comparisons of vehicle perfor-
mance using a maneuver flown exactly the same in each case de-
spite a varying wvehicle configuration. Also, the DPS computes
aircraft performance in compressed time, allowing much faster
viewing of the results than if the maneuvers were flown in real-time
on a piloted simulator.

An SR-71 DPS module was developed specifically for this study
to predict vehicle performance with and without the drag and
weight corresponding to the external payload and the additional
thrust and fuel flow associated with the enhanced J58 engines. The
aircraft aerodynamic and propulsion data used to build the baseline
SR-71 model were supplied by Lockheed.® The thrust increase and
fuel flow data for the engine enhancement options were supplied by
Pratt & Whitney. Isolated hypersonic vehicle drag data were pro-
vided by the NASA Ames Research Center and were based on a de-
rivative of the original GHRV. Lockheed supplied estimates of the
payload interference drag. The thrust enhancement data and pay-
load drag data were then added to the DPS code as separate arrays
and available as increments to the baseline data for use in the per-
formance computations.

Once developed, the baseline DPS SR-71 option was verified
against flight data from the pilot’s flight manual.” Different climb
schedules were analyzed at standard day conditions. The resulting
predicted elapsed time, fuel usage, and range data were compared
to the values in the manual. The predictions compared closely to
the actual flight data. It was believed the DPS model could be con-
fidently used for estimating vehicle performance with additional
payload drag and the thrust enhancement options.

After refueling, the SR-71 aircraft is normally piloted along a
constant Mach 0.9 climb to approximately 33,000 ft (10,058 m),
pushed over at a 3000 ft/min (914 m/min) descent to approximately
30,000 ft (9144 m), and pulled out in a level acceleration to
450 KEAS (Mach 1.25). This transonic penetration procedure is
known as the climb-dive technique. At 450 KEAS, the vehicle ini-
tiates a constant equivalent airspeed climb to Mach 2.6. At this
Mach number, equivalent airspeed is slowly reduced until the vehi-
cle reaches the design cruise condition (3.2 maximum Mach num-
ber and 85,000 ft (25,908 m) maximum altitude). The climb-dive
technique was discovered by Redin in the early 1970s to use less
fuel than level transonic acceleration at 25,000 ft (7620 m) uses.!?

Using high payload drag increments, the climb-dive technique
was reevaluated using different pushover and pull-out altitudes to
see if another combination gave greater fuel savings than were re-
alized without payload drag in Redin’s research. High pushover al-
titudes up to 37.000 ft (11,278 m) offered large fuel savings.
However, altitudes greater than 33,000 ft (10,058 m) were not used
because, subsonically, the SR-71 aircraft can approach uncontrol-
lable pitch-up conditions there. Pull-out altitudes below 28,000 ft
(8534 m) offered slightly greater benefits than those above 28,000
ft (8534 m), but were avoided because focused sonic boom effects
on the population become an issue.

The most feasible combination was a pushover altitude of 33,000
ft (10,058 m) combined with a pull-out altitude of 28,000 fi
(8534 m). Also used was an increased descent rate of 6000 ft/min
(1829 m/min) previously found by Redin to still offer a manageable
piloting task. The selected schedule used approximately 2800 [bm
(1270 kg) less of JP7 than level transonic acceleration at 25,000 ft
(7620 m) would have used. This fuel savings for the high-drag con-
figuration was substantially higher than that previously predicted
by Redin for a clean (no additional external drag) vehicle.

In the GHRV feasibility report, Lockheed recommended that
the traditional 450 KEAS supersonic climb schedule be replaced
with a 500 KEAS profile. The benefit of the higher KEAS schedule
is an increase in excess thrust and the corresponding ability to han-
dle higher payload drag than the 450 KEAS schedule can handle.
This equivalent airspeed currently represents the right-hand edge
of the conventional envelope and would require a very precise pi-
loting technique to avoid overspeeding the aircraft. Otherwise,
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satisfied. A brief derivation of the necessary relationships with notation common to
many steepest-descent programs is provided in appendix A. The algorithm was applied
to the following example problem.

12
A NUMERICAL EXAMPLE
Problem Statement
The example problem is a fixed-time problem in which it is required to determine
13

the thrust-attitude program of a single-stage rocket vehicle starting from rest and going
to specified terminal conditions of altitude and vertical velocity which will maximize the
final horizontal velocity. 'The idealizing assumptions made are the following:

(1) A point-mass vehicle

(2) A flat, nonrotating earth

(3) A constant-gravity field, g= 9.8 m/sec2 (32.2 ft/sec2)

(4) Constant thrust and mass-loss rate

(5) A nonlifting body in a nonvarying atmosphere with a constant drag parameter

Kp = -2-pCDS, where S is the frontal surface area.

The coordinate system and pertinent geometric relations and terms are shown in
figure 1. The differential equations of motion needed in the algorithm setup are

du 1 i
St = (T cos 0 - KpuV) =x; = 1
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these missiles with the use of measured winds show that if the winds are known, very good
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aerodynamic parameters presented above and the trajectory program dis-
cussed in reference 8. An ICAO standard atmosphere (ref. 9) and a launch
angle of 78° were used in these computations.

ANATYSIS

5
The wind-compensation procedure derived herein involves four aspects.
They are an adequate trajectory simulation, selection of wind profiles,
development of wind-compensation graphs, and a wind-weighting procedure.
Trajectory . Simulation
The requirements for a trajectory program needed for a wind-
6
7

compensation procedure are (l) that the trajectory be three dimensional,
(2) that provision be made for arbitrary wind velocity and azimuth and
{3) that nonlinear aerodynamics with respect to flow incidence angle be
included. The first two requirements are obvious since, in the consid-
eration of side winds, the trajectory is three dimensional and the wind
velocity and azimuth are arbitrary. The third requirement is imposed
because the introduction of surface winds during launch can create angles
of attack larger than 909, which greatly exceed the linear range of the
aerodynamic coefficients.

A trajectory simulation incorporating the above requirements is
presented in reference 8., In addition to the above requirements, this
simulation assumes a vehicle with six degrees of freedom and aerodynamic
symmetry in roll and the missile position in space is computed relative
to a flat nonrotating earth. This trajectory simulation was programmed
on the TEM TO4 electronic data processing machine and is the basis for
all trajectory computations made in this paper.

Selection of Wind Profiles

a+ions have been measured and

NASA Technical Note 20040008097, april 1961 lnereases with altitude until
hen decreases rather abruptly.
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The program LINEAR numerically determines a linear system model using nonlinear
equations of motion and a user-supplied nonlinear aerodynamic model. LINEAR is also
capable of extracting linearized gross engine effects (such as net thrust, torque,
and gyroscopic effects) and including these effects in the linear system model. The
point at which this linear system model is defined is determined either by specifying
the state and control variables or by selecting an analysis point on a trajectory,
selecting a trim option, and allowing the program to determine the control vari-
able and remaining state variables to satisify the trim option selected.

Because the program is designed to satisfy the needs of a broad class of users,
a wide variety of options has been provided. Perhaps the most important of these
options are those that allow user specification of the state, control, and observa-
tion variables to be included in the linear model derived by LINEAR.

Within the program, the nonlinear equations of motion include 12 states repre-

senting a rigid aircraft flying in a stationary atmosphere over a flat nonrotating
earth. Thus, the state vector x is computed internally as

x=[p g r V a B ¢ 8 ¢ h x v]T

The nonlinear equations used to determine the derivatives of the quantities are
presented in the following section (Equations of Motion). The internal control )
vector u can contain up to 30 controls. The internal observation vector y contains
] 1 ariable including the state variables, the time derivatives of the state

NASA Technical Paper 2768, December 1987 ¢ interest.
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User's manual for interactive LINEAR: A FORTRAN program to
derive linear aircraft models

An interactive FORTRAN program that provides the user with a powerful and flexible tool for the
linearization of aircraft aerodynamic models is documented in this report. The program LINEAR
numerically determines a linear system model using nonlinear equations of motion and a user-
supplied linear or nonlinear aerodynamic model. The nonlinear equations of motion used are six-
degree-offreedom
The system model determined by LINEAR consists of matrices for both the state and observation
equations. The program has been designed to allow easy selection and definition of the state,
control, and observation variables to be used in a particular model.
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The program has been designed to allow easy selection and definition of the state,
control, and observation variables to be used in a particular model.

INTRODUCTION

The program LINEAR described in this report was developed at the Dryden Flight
Research Facility of the NASA Ames Research Center to provide a standard, docu-
mented, and verified tool to derive linear models for aircraft stability analysis
and control law design. This development was undertaken to address the need for
the aircraft specific linearization programs common in the aerospace industry.
Also, the lack of available documented linearization programs provided a strong
motivation for the development of LINEAR; in fact, the only available documented
linearization program that was found in an extensive literature search of the field
is that of Kalviste (1980).

Linear system models of aircraft dynamics and sensors are an essential part of
both wvehicle stability analysis and control law design. These models define the
aircraft system in the neighborhood of an analysis point and are determined by the
linearization of the nonlinear equations defining vehicle dynamics and sensors.

This report describes a FORTRAN program that provides the user with a powerful
is a program

NASA Technical Paper 2835, september 1988 ot of progran '
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An interactive FORTRAN program that provides the user with a powerful and flex-

ible tool for the linearization of aircraft aerodynamic models is documented in this
report. The program LINEAR numerically determines a linear system model using non-
linear equations of motion and a user-supplied linear or nonlinear aerodynamic model.
The nonlinear eguations of motion used are six-degree-of-freedom eguations with sta-
tionary atmosphere and flat, nonrotating earth assumptions. The system model deter-
mined by LINEAR consists of matrices for both the state and observation equations.
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An interactive FORTRAN program that provides the user with a powerful and flex-
ible tool for the linearization of aircraft aerodynamic models is documented in
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Equations of Motion and Atmospheric Model

The nonlinear equations of motion used in this model are
general six-degree-of-freedom equations representing the
flight dynamics of a rigid aircraft flying in a stationary at-
mosphere over a flat, nonrotating Earth. These equations of
motion were derived by Etkin, and the derivation is detailed
in Duke, Antoniewicz, and Krambeer. The cquations for
each variable in the state vector are given in the following.

The following equations for rotational acceleration
are used

p=[(ED L+ (EM)L + (EN)I — p*(Ing s — Inyl3)
+pq(Ins]t — IysIz — D, I3)
—pr(Iayly + Dylz — Iy 3) + ¢*(Iye It — InyI3)
—qr(Dehy — Inyhh + I, )
=1 (Iye]y — IzgD3)) [det 1

§= [(EL) L+ (EM) L4 + (EN)Is — p* (Lnsls — Iyl5)
+pg(Ify — Ly Iy — D, I5)
—pr(Isyl2 + Dyly — Iy Is) + ¢*(Iyslz — Iy I5)
—qr(D: Iy — I Ig + I, Is)
—r (Il — I, 1)) [det I

#= [(EL) B + (EM)Is + (EN)Is — p* (IusIs — InyIs)
+pg(Igly — Iypls — D, Ig)
—pr(Iyls + Dyls — L, I6) + ¢*(Iys By — Inyls)
—qr(Dylz — Iiyls + I3 1g)
= (Iyls ~ Inel5)] [det T

Where 2L, ZM and ZN are the acrodynamic total mo-
ively, in-

NASA Contractor Report 186019, december 1991

D=1, —-1I,
The translational acceleration equations used are

V =[-Dcos §+ Y sin B+ Xgcos acos 8
+¥rsin f + Zpsin acos 8
—mg(sin 8 cos a cos # — cos #sin ¢sin 8
—cos fcos $sin acos B)] /m

G=[-L+ Zrcosa— Xrsina
+ mg(cos # c08 ¢ cos o + sin §sin a)] /Vmcos 8
+g—tan B(pcos a + rsin o)

A= [Dsin 8+ Y cos § — Xrcos asin g
+Yrcos f — Zysin asin 8
+mg(sin #cos asin # + cos & sin ¢gcos A

—c0s @ cos ¢sin asin B)] /Vm
+psina—rcosa
where a, £, 0, and ¢ are angles of attack, sideslip, pitch,
and roll, respectively; X, ¥r, and 27 are thrust along the
-, Y-, and z-body axes; and D is drag force, g gravitational

acceleration, L total aerodynamic lift, m total aircraft mass,
V total velocity, and ¥ sideforce.

The equations defining the vehicle attitude rates are
0 =gcosp— rsin ¢
v = gsin $sec 0 + rcos psecd
é=p+gsingtan @+ rcosptan §
where ¢ is heading angle.
The equations defining the Earth-relative velocities are

h = V( cos Bcos asin & — sin Bsin ¢ cos
— cos fsin acos ¢ cos d)

= V[ cos Acos acos 8 cos
+ sin B(sin ¢ sin 6 cos ¢ — cos ¢ sin )

- LI, + cos Bsin a(cos ¢ sin §cos ¢ + sin $sin y)] | v
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Investigation of aircraft landing in variable wind fields

A digital simulation study is reported of the effects of gusts and wind shear on the approach and
landing of aircraft. The gusts and wind shear are primarily those associated with wind fields created Name Type
by surface wind passing around bluff geometries characteristic of buildings. Also, flight through a
simple model of a thunderstorm is investigated. A two-dimensional model of aircraft motion was
represented by a set of nonlinear equations which accounted for both spatial and temporal
variations of winds. The landings of aircraft with the characteristics of a DC-8 and a DHC-6 were
digitally simulated under different wind conditions with fixed and automatic controls. The resulting Related Records
deviations in touchdown points and the controls that are required to maintain the desired flight path
are presented. The presence of large bluff objects, such as buildings in the flight path is shown to
have considerable effect on aircraft landings.
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CHAPTER II
AIRCRAFT LANDING MODEL

1. Equations of Motion

The two-dimensional model for aircraft motion presented in this
section follows the general form developed by Frost [12]. It accounts
for both vertical and horizontal mean wind components having both time
and spatial variations.

The aircraft trajectory model employed in this study was derived
based on the following assumptions:

The earth is flat and non-rotating.

The acceleration of gravity, g, 1s constant (9.8 mfsec?).

Air density is constant (1.23 kg/m3).

The airframe is a rigid body.

The aircraft is constrained to motion in the vertical plane.
15 The aircraft has a symmetry plane (the x-z plane).

I The mass of the aircraft is constant.

NASA Contractor Report 3073, december 1978 e for steady-state flight.
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mations on both the equations and the model of the atmosphere described. The
simplified equations will be discussed first; then the more general approach
will be described.

A model frequently used is that of a flat, nonrotating earth. The tempera-
ture is assumed either to be constant, to increase or decrease monotonically with
altitude, or to be stratified. Gravity is usually considered to be constant.

Density and pressure are usually considered to vary exponentially with altitude.

atmosphere, plane level surfaces, and a nonrotating earth. This case has been

handled by Eckart [1960], Lamb [1932], and Hines [1960]. The simplification is
not valid for small effects, but general, large effects may be described and
discussed. Hines tried with apparent success to relate his results to effects
observed experimentally. Eckart went over nearly the same derivation as Hines
but included more detail. However, Hines used notation that is more physically

meaningful. Both used linearized equations for small perturbations on a stationary

10
11

. The most one can profitably simplify the problem is to consider an isothermal
12

le Hines used the aspproximation of an
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will be described.
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ture is assumed either to be constant, to increase or decrease monotonically with
altitude, or to be stratified. Gravity is usually considered to be constant.

Density and pressure are usually considered to vary exponentially with altitude.
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le Hines used the aspproximation of an
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A mathematical model of the CH-53 helicopter

A mathematical model suitable for real time simulation of the CH-53 helicopter is presented. This
model, which is based on modified nonlinear classical rotor theory and nonlinear fuselage
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Equations of Motion
The helicopter equations of motion are given in body axes with respect to
a flat, nonrotating Earth. The helicopter is considered a rigid body with
mass symmetry about the x, - z; plane, The effects due to the engine angular
momentum are neglected.

Translational acceleration- The translational equations of motion are

\ 0 =-r q u
curel © [+] ¥ +|y -m +lc o -p (45)
m £, h £, h . =q p Ody .

where

cos B cos ¢ cos O sin ¢ -sin 8

sin ¢ sin 6 cos y cos ¢ cos Y

+ sin ¢ sin 6 sin ¥

sin ¢ cos ©
- ccs ¢ sin ¥

cos ¢ sin 6 cos y

L + sin ¢ sin y

cos ¢ sin 8 sin y cos ¢ cos 6

- sin ¢ cos 4y

and ¢y, O, and Yy, are the Euler angles that define the orientation of the
body axis system (fig. 3). The fuselage aerodynamic forces are given by
equation (10), and the rotor forces, which include those due to both main and
tail rotors, are given by equation (31). Equation (45) can be rearranged to
yield

a 0 q u 0
Y r 0 -p| v +C e o] &N
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The estimator also provides a measure of the reliability of each estimate based on the information
obtained from each dynamic maneuver. This measure of reliability is called the Cramér-Rao bound
(ref. 6). The Cramér-Rao bound is a measure of relative, not absolute, accuracy. A large Cramér-Rao
bound indicates poor information content in the maneuver for the derivative estimate.

Equations of Motion

The aircraft equations of motion used in the PID analysis are derived from a general system of nine
coupled, nonlinear differential equations that describe the aircraft motion (ref. 4). These equations

10

assume a rigid vehicle and a flat, nonrotating Earth. The time rate of change of mass and inertia is
assumed negligible. The SR-71 configurations studied herein, like most aircraft, are basically symmetric
about the vertical-centerline plane. This symmetry is used, along with small angle approximations, to
separate the equations of motion into two largely independent sets describing the longitudinal and
lateral-directional motions of the aircraft. The equations of motion are written in bady axes referenced to
the CG and include both state and response equations. The applicable equations of motion are as follows
for the longitudinal and lateral-directional axes:

Longitudinal state equations:
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Flight testing a V/STOL aircraft to identify a full-envelope
aerodynamic model

Flight-test technigues are being used to generate a data base for identification of a full-envelope Name Type
aerodynamic model of a V/STOL fighter aircraft, the YAV-8B Harrier. The flight envelope to be
modeled includes hover, transition to conventional flight and back to hover, STOL operation, and
normal cruise. Standard V/STOL procedures such as vertical takeoff and landings, and short takeoff
and landings are used to gather data in the powered-lift flight regime. Long (3 to 5 min) maneuvers
which include a variety of input types are used to obtain large-amplitude control and response Related Records
excitations. The aircraft is under continuous radar tracking; a laser tracker is used for V/STOL
operations near the ground. Tracking data are used with state-estimation technigues to check data
consistency and to derive unmeasured variables, for example, angular accelerations. A propulsion
model of the YAV-8B's engine and reaction control system is used to isolate aerodynamic forces and
moments for model identification. Representative VV/STOL flight data are presented. The processing
of a typical short takeoff and slow landing maneuver is illustrated.
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rudder frequency sweep and a rudder-fixed aileron
frequency sweep provide additienal lateral-axis
excitation. The pilot uses aileron control to hold
the wings-level condition during the sideslip and
the rudder sweep portions of the maneuver. An
initial roll angle of 40° was chosen for the
aileron sweep, Thrust is added at the end of the
maneuver to return to the nominal trim point.
Thirteen of these lateral maneuvers were performed.

Preliminary Processing

Following real-time acquisition of data during
flight test, each recorded maneuver, with instru-
ment calibrations added, is converted to engineer=
ing units and made available to researchers as a
raw flight-data file. An interactive program
called PRODAT (PROcess DATa) is used to read the
raw flight-data file, identify wild points, and
filter data records. Data are then stored in a
"processed" file of selected channels at a submul-
tiple of the main-frame sample rate. PRODAT runs
on a VAX-8650. Processing begins by removing wild
points from the records. Several methods are

represent the kinematics of a rigid body for
deseribing motion over a flat, nonrotating Earth.
In the SMACK formulation, the state model consists
of Euler angles and position variables and their
derivatives. When flightpath winds are to be iden-
tified, the state model is augmented by wind veloc-
ities and accelerations, The measurement model

NASA Technical Memorandum 100996, maj 1988

Flight Testing a VSTOL Aircraft to Identify a Full-Envelope Aerody

amic Model.

State Estimation

The next step in the processing of each maneu-
ver is to apply sMack19-21 (SMoothing for AirCraft
Kinematics), a state-estimation program developed
at Ames Research Center, to check data consistency
and derive unmeasured variables. SMACK runs on a
Cray-XMP computer. State estimation in this paper
refers to a process that solves a state model,

x = f(x,w),  x(t)) = X, (2)
such that h(x) in the measurement model
z = hix) + v (3)

suitably matches the data record over a time inter-
val (:n,tr), usually in a least-squares error

sense. 122 Ip Eq. (2), x 1s the state vector

and W 1s a vector that represents unknown forcing
functions (derivatives of unmeasured variables,
e.g., angular accelerations). For aircraft prob-
lems, the state and measurement models together

measured in flight. It should be noted that the
propulsion model provides only thrust forces and
moments. Any thrust-induced aerodynamic effects
are to be included in the VSRA aerodynamic model.

Inputs to the ENCAL routine include all the
air-data, reaction control, engine, and weight
sted in Table 1. OQutputs to the
-data file are the three body-axis
gine forces and moments., ENCAL
aircraft weight and inertias, and

center-of-gravity {(c.g.) location
k. variations are based on manufac-
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Singular-Arc Time-Optimal Trajectory of Aircraft in Two-
Dimensional Wind Field

This paper presents a study of a minimum time-to-climb trajectory analysis for aircraft flying in a Name Type
two-dimensional altitude dependent wind field. The time optimal control problem possesses a
singular control structure when the lift coefficient is taken as a control variable. A singular arc
analysis is performed to obtain an optimal control solution on the singular arc. Using a time-scale
separation with the flight path angle treated as a fast state, the dimensionality of the optimal control
solution is reduced by eliminating the lift coefficient control. A further singular arc analysis is used to Related Records
decompose the original optimal control solution into the flight path angle solution and a trajectory
solution as a function of the airspeed and altitude. The optimal control solutions for the initial and
final climb segments are computed using a shooting method with known starting values on the
singular arc The numerical results of the shooting method show that the optimal flight path angle on
the initial and final climb segments are constant. The analytical approach provides a rapid means for
analyzing a time optimal trajectory for aircraft performance.
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Within the framework of the Pontryagin’s minimum principle, the singular-arc optimal control method is an inter-
mediate method for the trajectory optimization. The existence of a singular arc in the time optimal control can simplify
the trajectory optimization significantly. Briefly, the singular arc is deseribed by a switching function that minimizes
a Hamiltonian funetion when the Hamiltonian function is linear with respect to a control variable.

In this study, we will examine an aspect of the minimum time-to-climb problem for an aircraft flying in the
presence of a two-dimensional atmospheric wind field. An analytical solution for the singular arc is obtained. Wind
patterns at a local airport can affect the climb performance of aircraft. While the time-optimal climb problems have
been thoroughly studied in flight mechanics, the effect of winds are usually not included in these studies. A solution
method of a minimum-time to climb will then be presented for computing a minimum time-to-climb flight trajectory.

II. Singular Arc Optimal Control

In our minimum time-to-climb problem, the aircraft is modeled as a point mass and the flight trajectory is strictly
confined in a vertical plane on a non-rotating, flat earth. The change in mass of the aircraft is neglected and the engine
thrust vector is assumed to point in the direction of the aircraft velocity vector. In addition, the aircraft is assumed to
fly in an atmospheric wind field comprising of both horizontal and vertical components that are altitude-dependent.
The horizontal wind component normally comprises a longitudinal and lateral component. We assume that the aircraft
motion is symmetric so that the lateral wind component is not included. Thus, the pertinent equations of motion for
the problem are defined in its the state variable form as

h = vsin~y + w (1
t}:T_D—Wsin'}f
] P Lv;cos—r Wy 8iny — tp cosy
NASA Ames Research Center, januari 2006 - - - R —
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Determination of angles of attack and sideslip from radar data and
a roll-stabilized platform

Equations for angles of attack and sideslip relative to both a rolling and nonrolling body axis system Name Type
are derived for a flight vehicle for which radar and gyroscopic attitude data are available.
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relative to an inertial reference in an Euler angle sequence. In particular, a pitch, yaw, and roll
sequence is used as an example in the derivation. Sample calculations based on flight data are
presented to illustrate the method. Results obtained with the present gyro method are compared Related Records
with another technique that uses onboard camera data. There are no records associated with this record.
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